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Active Learning for Multi-Objective Optimization

above) with a small subset of E. The models predict
the objective functions f

i

, 1 Æ i Æ n, allowing us to
identify points in E that are Pareto-optimal with high
probability. A point x, that has not been sampled, is
predicted as f̂(x) = µ(x) = (µ

i

(x))
16i6n

. Addition-
ally ‡(x) = (‡

i

(x))
16i6n

is interpreted as the uncer-
tainty of this prediction. We capture this uncertainty
through the hyperrectangle4

Q
µ,‡,—

(x)={y :µ(x)≠—1/2

‡(x)∞y ∞µ(x)+—1/2

‡(x)},
(5)

where — is a scaling parameter to be chosen later.
We use this uncertainty information to guide our sam-
pling and to make a probabilistic assumption on the
optimality of every point x. Since we are only inter-
ested in Pareto-optimal points, our algorithm aims at
sampling the design space E such that the predictions
generated for f(x) are more accurate for points x that
are likely to be Pareto-optimal.
At every iteration t, the algorithm uses the predictions
µ

t

(x) and the uncertainties ‡

t

(x) to classify a point
x as Pareto-optimal, or not Pareto-optimal. However,
some points may remain unclassified. Then, the next
sample to evaluate in the design space is chosen to
further reduce the number of unclassified points. The
training process is terminated when all points are clas-
sified; the points classified as Pareto-optimal are then
returned as the prediction P̂ for P .
The pseudocode in Algorithm 1 outlines our approach.
After intialization we iterate until a stopping criterion
is met; every iteration t consists of three stages: mod-
eling, classification, and sampling. These are discussed
next including the stopping criterion.
Modeling. We use Gaussian process inference to pre-
dict the mean vector µ

t

(x) and the standard deviation
vector ‡

t

(x) of any x œ E considering the former eval-
uations. Each point x œ E is then assigned its uncer-
tainty region, which is the hyperrectangle

R
t

(x) = R
t≠1

(x) fl Q
µt,‡t,—t+1(x), (6)

where —
t+1

is a positive value that defines how large
this region is in proportion to ‡

t

. Hereby R≠1

(x) =
Rn. In Section 4 we will suggest a value for this pa-
rameter. The iterative intersection ensures that all
uncertainty regions are non-increasing with t.
Within R

t

(x), the pessimistic and optimistic outcomes
are min(R

t

(x)) and max(R
t

(x)), respectively, both
taken in the partial order ∞ and unique.
Classification. Our algorithm maintains three sets
that partitions E: in iteration t, P

t

is the set of points
that are predicted to be Pareto-optimal, N

t

the set
of points that are predicted to be not Pareto-optimal,
and U

t

the set of yet unclassified points. In each iter-
ation t, each x is assigned to exactly one of the these

4Pessimistically bounding the ellipsoid with radii ‡
i

.

Algorithm 1 The PAL algorithm.
Input: design space E; GP prior µ0,i

, ‡0, k
i

for all 1 Æ i Æ
n; ‘; —

t

for t œ N
Output: predicted-Pareto set P̂
1: P0 = ÿ, N0 = ÿ, U0 = E {classification sets}
2: S0 = ÿ {evaluated set}
3: R0(x) = Rn for all x œ E
4: t = 0
5: repeat
6: Modeling

7: Obtain µ

t

(x) and ‡

t

(x) for all x œ E
{µ

t

(x) = y(x) and ‡

t

(x) = 0 for all x œ S
t

}
8: R

t

(x) = R
t≠1(x) fl Q

µt,‡t,—t+1 (x) for all x œ E
9: Classification

10: P
t

= P
t≠1, N

t

= N
t≠1, U

t

= U
t≠1

11: for all x œ U
t

do
12: if there is no x

Õ ”= x such that min(R
t

(x)) + ‘ ∞
max(R

t

(xÕ)) ≠ ‘ then
13: P

t

= P
t

fi {x}, U
t

= U
t

\ {x}
14: else if there exists x

Õ ”= x such that
max(R

t

(x)) ≠ ‘ ∞ max(R
t

(xÕ)) + ‘ then
15: N

t

= N
t

fi {x}, U
t

= U
t

\ {x}
16: end if
17: end for
18: Sampling

19: Find w
t

(x) for all x œ (U
t

fi P
t

) \ S
t

20: Choose x

t+1 = arg max
xœ(UtfiPt)\St

{w
t

(x)}
21: t = t + 1
22: Sample y

t

(x
t

) = f(x
t

) + ‹

t

23: until U
t

= ÿ
24: P̂ = P

t

classes. Our algorithm is monotonic in that P
t

and
N

t

are non-decreasing sets with respect to t. In other
words, as soon as a point x is classified as Pareto-
optimal (or not Pareto-optimal), it remains classified
as such. Further, our classification is relaxed by a pa-
rameter ‘, which informally means inequalities are con-
sidered “up to a small error ‘”, where ‘ = (‘, . . . , ‘). ‘
is an input to the algorithm.
At iteration t, the points in P

t≠1

and N
t≠1

keep their
classification. The only points x to be reclassified are
those in U

t≠1

, done as follows:
• If the pessimistic outcome min(R

t

(x)) of x is not
dominated by the optimistic outcome max(R

t

(xÕ))
of any other point (up to a shift of ‘ by both),

min(R
t

(x)) + ‘ ∞ max(R
t

(xÕ)) ≠ ‘,

then x is classified as Pareto-optimal.
• If the optimistic outcome max(R

t

(x)) of x is dom-
inated by the pessimistic outcome min(R

t

(xÕ)) of
any x

Õ (up to a shift of ‘ by both),

max(R
t

(x)) ≠ ‘ ∞ min(R
t

(xÕ)) + ‘,

then x is classified as non-Pareto-optimal.
• All other points remain unclassified.

The	
  PAL	
  Algorithm	
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Intuitively, the parameter ‘ speeds up classification at
the cost of accuracy, since it makes the requirements
less strict. Figure 2 shows for n = 2 and ‘ = 0 an
example of a classification at some iteration t.
Sampling. After the classification is done, a new
point x

t

is selected for sampling with the following
selection rule. Each point x œ E is assigned a value

w
t

(x) = max
y,y

ÕœRt(x)

||y ≠ y

Õ||
2

,

which is the length of the diagonal of its uncertainty
region R

t

(x). Among the points x œ P
t

fi U
t

, the one
with the largest w

t

(x) is chosen as the next sample x

t

to be evaluated. We refer to w
t

(x
t

) as w
t

.
Intuitively, this rule biases the sampling towards ex-
ploring, and thus improving the model for, the points
most likely to be Pareto-optimal.

f1(x)

f2(x)

d
(max(Rt(x)) + �

d
(min(Rt(x)) + �

d
wT + 2

�
2�

d

d
Rt(x) of a point classified as Pareto-optimal
Rt(x) of a point classified as not-Pareto optimal
Rt(x) of an unclassified point
Sampled points classified as not-Pareto optimal
Next sample

Figure 2. Classification and sampling example for n = 2
and ‘ = 0.

Stopping criteria. The training process stops after,
say, T iterations when all points in E are classified,
i.e., when U

T

= ÿ. The prediction returned is P̂ = P
T

.
The selection of the parameter ‘ used in the classifica-
tion rule impacts both the accuracy and the sampling
cost T of the algorithm.

4. Theoretical Analysis
In this section we analyze the sample complexity of
PAL. Of key importance in the convergence analysis
is the e�ect of the regularity imposed by the kernel
function k. In our analysis, this e�ect is quantified
by the maximum information gain associated with the
GP prior. Formally, we consider the information gain

I(y
1

. . . y

T

; f) = H(f) ≠ H(f | y

1

. . . y

T

),

i.e, the reduction of uncertainty on f caused by (noisy)
observations of f on the T first sampled points. The
crucial quantity governing the convergence rate is

“
T

= max
y1...yT

I(y
1

. . . y

T

; f),

i.e., the maximal reduction of uncertainty achievable
by sampling T points. Intuitively, if the kernel k im-

poses strong regularity (smoothness) on f , few sam-
ples su�ce to gather much information about f , and as
a consequence “

T

grows sublinearly (exhibits a strong
diminishing returns e�ect). In contrast, if k imposes
little regularity (e.g., is close to diagonal), “

T

grows
almost linearly with T . Srinivas et al. (2010; 2012)
established “

T

as key quantity in bounding the regret
in single-objective GP optimization. Here, we show
that this quantity more broadly governs convergence
in the much more general problem of predicting the
Pareto-optimal set in multi-criterion optimization.
The following theorem is our main theoretical result.
Theorem 1. Let ” œ (0, 1). Running PAL with
—

t

= 2 log(n|E|fi2t2/(6”)), the following holds with
probability 1 ≠ ”.
To achieve a maximum hypervolume error of ÷, it is
su�cient to choose

‘ = ÷(n ≠ 1)!
2nan≠1

, (7)

where a = max
xœE,1ÆiÆn

{


—
1

k
i

(x, x)}.
In this case, the algorithm terminates after at most T
iterations, where T is the smallest number satisfying

Û
T

C
1

—
T

“
T

Ø nan≠1

÷(n ≠ 1)! . (8)

Here, C
1

= 8/ log(1 ≠ ‡≠2), and “
T

depends on the
type of kernel used.
This means that by specifying ” and a target hypervol-
ume error ÷, PAL can be configured through the pa-
rameter ‘ to stop when the target error is achieved with
confidence 1≠”. Additionally, the theorem bounds the
number of iterations T required to obtain this result.
Later, in Corollary 2, we will specialize the theorem to
the case of a squared exponential kernel.
Our strategy for the proof consists of three parts. In
Section 4.1, we first analyze how w

t

decreases with t.
We then relate ‘ and w

t

to ensure the classification of
all points and thus the termination of the algorithm.
In Section 4.2, we relate w

t

to the hypervolume error
in the predicted Pareto frontier.
Finally, in Section 4.3 we analyze the scenario in which
PAL is run with the squared exponential kernel.

4.1. Reduction in Uncertainty
The first step of the proof is to show that with proba-
bility at least 1 ≠ ”, f(x) falls for all x œ E within the
uncertainty region (see (5) and (6)):

R
t

(x) = Q
µ0,‡0,—1(x) fl · · · fl Q

µt,‡t,—t+1(x),

which is achieved by choosing —
t

=
2 log(n|E|fi2t2/(6”)).

Theore8cal	
  Guarantee	
  
	
  

Given a target error η, 	


PAL is guaranteed to stop 	


in less than T iterations:	
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Figure 4. Objective space of the input sets use in our experiments.
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Figure 5. Average percentage error vs. number of evaluations after termination; for PAL di�erent values for ‘ are used.

7. Conclusions
In this paper we addressed the challenging problem

of predicting the set of Pareto-optimal solutions in a
design space from the evaluations of only a subset of
the designs. We proposed the PAL algorithm, which
uses Gaussian processes to model the objective func-
tions and thus generate predictions for designs that
have not yet been evaluated. PAL can be intuitively
parameterized to achieve the desired level of accuracy,
and it carefully samples the design space such that this
goal is achieved at the lowest possible evaluation cost.
We presented an extensive theoretical analysis includ-

ing bounds for the required number of evaluations to
achieve the target accuracy. These bounds depend on
the information gain due to sampling which depends
on the type of kernel used. Finally, we demonstrated
the e�ectiveness of our approach on three case studies
obtained from real engineering applications. Our re-
sults show that we o�er better cost-performance trade-
o�s in comparison to ParEGO, a state-of-the-art evo-
lutionary algorithm. In most cases, for a desired accu-
racy, PAL requires about 33% less evaluations. More-
over, we showed that our parameterization strategy
provides a wide range of cost-performance trade-o�s.
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Conclusions	


Machine	
  learning	
  technique	
  to	
  	
  
predict	
  Pareto	
  op$mal	
  solu$ons	
  
	
  

u  Gaussian	
  process	
  modeling	
  
u  Few	
  evaluta$ons:	
  “smart”	
  sampling	
  
u  Stopping	
  criteria	
  
u  Convergence	
  guarantees	
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