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Prediction of Shannon (1950): 

potential “error free communication area”  

for a given throughput (bits/Hz) and power emission. 

A very short history of channel coding 
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Prediction of Shannon (1950): 

potential “error free communication area”  

for a given throughput (bits/Hz) and power emission. 

A very short history of channel coding 

Invention of turbo-codes 

1993 (Berrou ,Glavieux) 

Situation in 1990 

Real “quasi error free” area 

Transmitter 

1995 : Rediscovery of LDPC code 

(Gallager 1960) 

Binary codes very efficient for Gaussian channel, BPSK modulation 

List decoders for Polar Code 
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Applications NB-LDPC 

BPSK: Binary Phase Shift Keying 



Potential gain of 1.5 db with 2x2 MIMO 

system around 4 bits/s/hertz 

Where NB-LDPC codes can be efficient 

Small packet for IoT at SNR around -15 dB 

CCSK + NB-LDPC 

NB-LDPC for  

“no error floor” 

application: Memory 

But NB-LDPC remains limited in practical applications 

due to high decoding complexity! 

 

PhD Objective: Low complexity and high throughput NB-LDPC decoder 

© iis-people.ee.ethz.ch NB-LDPC code in CCSDS standard  

(space communication) 
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Example: m=3, q=2m=8, GF(q=8) 

0 

α0 

α1 

α2 

α3 

α4 

α5 

α6 

000 

100 

010 

001 

110 

011 

111 

101 

Multiplication: 

  0.αi = 0 

  αi.α.
j = α(i+j)mod(q-1) 

 

Example: α4.α3 =  α7mod(7) = α0 
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GF 

element 

bit 

representation 

NB-LDPC Codes 

Galois Field 

Addition: X = (x0x1x2), Y = (y0y1y2) ϵ GF(8) => X    Y = X XOR Y 

Example: α4     α1 = 011 XOR 010 = 001 = α2 

LDPC definition 

Galois Filed of characteristic q (GF(q)) is a finite field that contains q elements. All the 

operations (+,*,-, /) are performed “modulo q”, where q is a power of prime number.   



NB-LDPC Codes 
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v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 CN3 

Tanner graph [2] 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

v0 v1 v2 v3 v4 v5 

Example: 

hij belong to:  
GF(2): B-LDPC 

GF(q=2m), m > 1, NB-LDPC 

  : GF addition 

v0.h0,0    v1.h0,1    v2.h0,2 = 0. 

v1.h1,1    v3.h1,3    v4.h1,4 = 0. 

v0.h2,0    v3.h2,3    v5.h2,5 = 0. 

v2.h3,2    v4.h3,4    v5.h3,5 = 0. 

LDPC 

CR 

Regular, 

Irregular 

Linear block codes 

#: Number of 

VN: Variable Node 

CN: Check Node 

N: Code-length, # columns (VNs) 

M: # rows (CNs) 

dc: # non-zero elements per row 

dv: # non-zero elements per column 

CR=K/N: Code Rate 

B: Binary 

NB: Non-Binary 

GF: Galois Field 

Parity Check Matrix H 

N M dv Girth dc 

Non-zero elements 

Definition 

[1] R. Gallager, 1963. 
 
[2] R.M. Tanner. 1981. 

Iterative decoding process 

 M=4, N=6, dc=3 and dv=2 

CN0 

CN1 

CN2 

CN3 
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v0 v1 v2 v3 v4 v5 
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nit: Maximum number of iterations 
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Transmitted 
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decoded 

CW 
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Definition: Iterative decoding process 
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CW 



15 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

Iteration i 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

v2 

Transmitted 

CW 

decoded 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 



16 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

Iteration i 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

Transmitted 

CW 

decoded 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 



17 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

Iteration i 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

Transmitted 

CW 

decoded 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 



18 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

Iteration i 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

Transmitted 

CW 

decoded 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 

v3 v4 

CN1 

v1 



19 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

Iteration i 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

v3 v4 

CN1 

v1 
v0 v5 

CN2 

v3 

Transmitted 

CW 

decoded 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 



20 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

Iteration i 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

v3 v4 

CN1 

v1 
v0 v5 

CN2 

v3 

CN3 

v2 v4 v5 

Transmitted 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 
decoded 

CW 



21 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

Iteration i 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

v3 v4 

CN1 

v1 
v0 v5 

CN2 

v3 

CN3 

v2 v4 v5 

Transmitted 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 

decoded 

CW 



22 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

Iteration i+1 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

Transmitted 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 

decoded 

CW 



23 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

v2 

Transmitted 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 

Iteration i+1 

decoded 

CW 



24 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

Transmitted 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 

Iteration i+1 

decoded 

CW 

v3 v4 

CN1 

v1 



25 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

v3 v4 

CN1 

v1 
v0 v5 

CN2 

v3 

Transmitted 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 

Iteration i+1 

decoded 

CW 



26 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

v3 v4 

CN1 

v1 
v0 v5 

CN2 

v3 

CN3 

v2 v4 v5 

Transmitted 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 

Iteration i+1 

decoded 

CW 



27 

v0 v1 v2 v3 v4 v5 

CN0 CN1 CN2 
CN3 

i = 1, …, nit 

nit: Maximum number of iterations 

N=6 and M=4 

v0 v1 v2 

CN0 

v3 v4 

CN1 

v1 
v0 v5 

CN2 

v3 

CN3 

v2 v4 v5 

Transmitted 

CW 

 ℎ0,0 ℎ0,1 ℎ0,2 0 0 0 
0 ℎ1,1 0 ℎ1,3 ℎ1,4 0 

ℎ2,0 0 0 ℎ2,3 0 ℎ2,5 
0 0 ℎ3,2 0 ℎ3,4 ℎ3,5 

 

NB-LDPC Codes 

Definition: Iterative decoding process 

Received 

CW 

Iteration i+1 

decoded 

CW 



Believe Propagation (BP) [3] 

[3] M.C. Davey and D. MacKay, 1998. 

[4] L. Barnault and D. Declercq, 2003. 

[5] H. Wymeersch, H. Steendam, and M. Moeneclaey, 2004 

[6] Hongxin Song and J.R. Cruz. 2003. 

• No mathematical approximations 

• Not feasible to implement on hardware 
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NB-LDPC Codes 

Optimal NB-LDPC Decoding Algorithms 

Direct Implementation 

Complexity dc.q
dc-1 

Forward-Backward (FB) 

Direct Implementation 

Complexity dc.q
2 

Fast Fourier Transform BP 

(FFT-BP) [4] 

Complexity qlog(q).dc 



BP [3] 

Sum-Product 

Log-BP [5] 

[3] M.C. Davey and D. MacKay, 1998. 

[4] L. Barnault and D. Declercq, 2003. 

[5] H. Wymeersch, H. Steendam, and M. Moeneclaey, 2004 

[6] Hongxin Song and J.R. Cruz. 2003. 

• Mathematical approximations 

• Hardware Friendly 
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NB-LDPC Codes 

Optimal and Sub-Optimal NB-LDPC Decoding Algorithms 

Min-Sum Min-Max 
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[27] G. Sarkis, S. Mannor, and W. J. Gross, June 2009. 

 

• Use of mathematical approximations. 

 

 

 

 

• Size of exchanged messages. 

LDPC Codes 

Sub-Optimal NB-LDPC Decoding Algorithms 

Min-Sum [5] BP equations 

Extended 

Min-Sum [8] 

Trellis-Extended 

Min-Sum [16] 

Symbol Flipping 

[27] 

q (LLR) nm (LLR, GF) 1 (GF) 

Forward 

Backward 

(FB) 

Syndrome Based 

(SB) 

S-Bubble  

… … 

Min-Max [9] 

LLR: Log Likelihood Ratio, 

         Reliability of GF. 
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ai: Observed bit i 

yi : LLR value of ai 

i = 0, …, 2 

U. ϵ GF(8), U.
+: LLR value of U. 

BPSK: Binary Phase Shift Keying. BPSK(1) = -1, BPSK(0) = 1 

Δ(a, b) = 0 if sign(a) = sign(b), Δ(a, b) = 1 otherwise 

q=8, m=3, GF(8) 
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N = 144, M = 24, dc = 12, dv = 2, CR=5/6. 

 

2 Layers. 

Proposed Decoder 

Used PCM 

Global decoder 
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CU: Control Unit 

 

DMU: Decision Making Unit 

 

DBR: Decision Block Reordering 

 

GFRB: GF Routing  Block 

 

SCRB: Stopping Criteria Router Block 

 

PTB: Parity Test Block 

Proposed Decoder 

Global Decoder Architecture 

Parallel LLR generator 

RAM 
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Generation of the nm=4 intrinsic candidates, GF(64) 
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y5 

y0 

AVG 

|y5| 

|y0| 

5-to-3 

sorter 
))0(,( 0 s

))1(,( 1 s

))2(,( 2 s nm = 4 

Intrinsic 

detector 

I0 

I3 

 

Candidates 

generator 

J0 

J4 

 

X 

LLR  

generator 
nm OS 

F 

(MHz) 

Periodicity 

(CCs) Factor gain 

efficiency 

Factor gain 

throughput 
Proposed [10] 

Proposed 
12 516 402 

1 
8 4 15.3 

4 167 556 1 2.15 2.65 

[10] 
All 

cases 
137 210 

OS: Occupied slices 

F: Frequency in MHz 

CCs: Clock Cycles 

Y: Observed Symbol 

X: Hard Decision on Y 

Efficiency (MHz/OS) = F/(OSxPeriodicity) 

 

Throughput (Msymbols/s) = (Fxnm)/Periodicity 

[10] A.A. Ghouwayel and E. Boutillon. 2011. 

Proposed Decoder 

Parallel Pipelined LLR Generator Architecture 

From serial CN to parallel 
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U0 U1 U2 

CN0 

GF(64), nm_in = 4, nm_out = 20 

v0,0 

v0,1 

v0,2 

v0,3 

v1,0 

v1,1 

v1,2 

v1,3 

v2,0 

v2,1 

v2,2 

v2,3 

nm_in: Length of each CN input vector 

nm_out: Length of each CN output vector 

Proposed Decoder 

Serial Processing 

Low Throughput 

Low area consumption 
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v0,0 v0,1 v0,2 v0,3 
v1,0 v1,1 v1,2 v1,3 v2,0 v2,1 v2,2 v2,3 

Offset and redundant elimination 

dcxnm_in 

Presorting [13] 
Number of processed symbols 

 in the CN <<  dcxnm 

[13] C. Marchand and E. Boutillon. “NB-LDPC check node with pre-sorted input. In 9th International 
      Symposium on Turbo Codes & Iterative Information Processing, September 2016. 

GF(64), nm_in = 4, nm_out = 20 

Proposed Decoder 

Parallel Processing 

nm_in: Length of each CN input vector 

nm_out: Length of each CN output vector 

Offset slution 

U0 U1 U2 

CN0 
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Predefined Offset 

Offset 

Proposed Decoder 

Predefined Offset 

Redundant elimination 
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20-to-4 detector 

considering redundant elimination 

20 couples 

4 couples 

20-to-5 detector 

20 couples 

5 couples 

5-to-4 detector 

considering redundant elimination 

4 couples 

Proposed Decoder 

Redundant Elimination 

Hybrid CN 
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CN block, dc = 12 

S 

V '10 

[18] Cédric Marchand, Emmanuel Boutillon, Hassan Harb, Laura Conde-Canencia and Ali Al 

      Ghouwayel, "Hybrid Check Node Architectures for NB-LDPC Decoders", Accepted in IEEE 

      Transactions on Circuits And Systems-I, August 2018. 

Decorrelation 

RE 

Presorting 
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U'11 

Reordering 
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H-CN with Presorting: Parallel Approach 
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CN block, dc = 12 

S 

V '10 

[18] Cédric Marchand, Emmanuel Boutillon, Hassan Harb, Laura Conde-Canencia and Ali Al 

      Ghouwayel, "Hybrid Check Node Architectures for NB-LDPC Decoders", Accepted in IEEE 

      Transactions on Circuits And Systems-I, August 2018. 

Decorrelation 

RE 

Presorting 

U1 U2 U3 U0 

U'1 U'2 U'3 U'0 

U'11 

Reordering 

V '11 V '0 V '9 

VN VN 

Proposed Decoder 

H-CN with Presorting: Parallel Approach 

U5 U6 U7 U4 U9 U10 U11 U8 

U'4 U'5 U'6 U'7 U'8 U'9 U'10 U'11 

VN VN 

Number of reordered symbols is reduced from 272 down to 48 symbols 

Simulation results 
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4 4 



nit: Number of iterations 
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yi = sat((floor(Qxai /σ)+0.5), Q) 

 

Q=15 

Sat(a, b) = b  if a > b 

                 -b if a < -b 

                 a  Otherwise 

Proposed Decoder 

Simulation, Emulation and Throughput Results 

Synthesis results 
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Proposed Decoder 

Simulation, Emulation and Throughput Results 

Synthesis results 

nit = 30 

OMS: Offset-Min Sum 
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Name: Bertrand 

Surname: Le Gal 

Occupation: Doctor at 

IMS LAB in Bordeaux. 

Proposed Decoder 

Simulation, Emulation and Throughput Results 

Synthesis results 
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Throughput (Gbits/s) 

= 

Ma

FKq
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)(log

ait: Average number 

of iterations 

Proposed Decoder 

Simulation, Emulation and Throughput Results 

Synthesis results 
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Proposition of a new sorting algorithm to select  the two extrema values 

from a set of cardinality Ns.  

CN Skip CN Processing 
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Conclusion 

NB-LDPC 

Code: 

• Matrix construction 

• NB-LDPC codes construction 

Hardware design: 

• CN: 

o Extended Forward 

o Hybrid 

o Presorted Forward Backward 

o Presorted Extended Forward 

o Presorted Hybrid 

o Skip processing CNs 

 

• Parallel pipelined NB-LDPC decoder 

 

• Variable Node and Decision Making 

blocks 

Sorter Algorithm 

PhD Objective met … . 
Low complexity and high throughput NB-LDPC 

decoder has been developed  
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 Optimization of parallel Hybrid architecture for all value of dc and GF(q). 

 

 Automatic generation of the hardware architecture from a given NB-LDPC matrix. 

 

 Merging of the H-CN and the T-EMS algorithm. 

 

 Applying the acquired knowledge of the NB-LDPC codes on the Turbo codes. 
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